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An answer is given for a problem of Chowla and Shimura concerning con- 
gruences of the type 
alxlk $ ... + aJx,L = 0 (modp”). 
1. Let I’*(k) denote the least integer s with the following property: 
for each prime power ph and each sequence of integers a, ,..., a, , the 
congruence 
%Xlk + *-* + u~x,~ = 0 (mod@) 
has a solution with at least one xi prime to p. Davenport and Lewis [3] 
established the result r*(k) < k2 + 1, where there is equality whenever 
k + 1 is a prime (for some further results, see [4]). Chowla [I] was the 
first to show that F*(k) may be much smaller if k is odd. Define 
6 = lim sup{F*(k)(k log k)-l), 
where the lim sup is taken over odd k tending to cc. In [2], Chowla and 
Shimura proved that 
l/log2 < 6 < 2/log2 
and stated that it would be desirable to close the gap between the constants 
l/log 2 and 2/lag 2. Norton [5; 6, Section 81 closed this gap halfway, 
proving the result 
s < 3/lag 4. 
It is the purpose of this note to show that 




2. The crucial lemma is the following 
LEMMA 2. Let G be a jinite additive Abelian group of q elements. Let 
the Gj (j = l,..., s) be subsets of G such that (i) 0 E Gi , (ii) a E Gj implies 
-a E Gj , and (iii) the cardinality of Gj equals r (33), for every j. Then the 
equation 
g1 + ... +g, = O,gjeGj 
has a nontrivial solution, provided 
2s-2 > s2(q - l)/(r - 1). 
In the proof of Lemma 2 we shall use 
LEMMA 1. Let the real numbers S(h, j), 1 < h 
such that 
Wr, j) 3 --u (u >, O), 
8 a-1 
C C S(h, 8 t 0, 
j=l h=l 
and 
4 - 131 
(2) 
(3) 
j < s, be 
S Q-1 
jz ,Cl (W, Al2 = K. 
Then 
Q-l S 
hzl pl (u + W, 3) 3 (9 - 1) us - is~*-~K. 
For a proof of Lemma 1, see [7, p. 41. 
3. Proof of Lemma 2. Let G* = {x0 , x1 ,..., xQel} be the charac- 
ter group of G (x0 is the principal character). Then 
(4) 
Let A be any one of the sets G1 ,..., G, . Denote 
Xh(A) = c xh(a>- 
CWA 
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By assumption (ii), xI1(A) is real, and, because ~~(0) = 1, 
Xh(4 > --r + 2. 
Furthermore, by Equation (4) and assumption (i), 
Q-1 O-l 
c Xh(4 = c c Xhb) = q, 
h=O aEA h=O 
and hence, by (iii), 
a-1 
zl xd4 = 4 - r 2 0. 
Moreover, it follows from (4), (ii) and (iii) that 
Q-l a-l 
hzo (xh@))’ = zA & z. Xh@ + 8 = rq. 
Consequently, by (iii), 
a-1 
zl (Xh(4)’ = r(q - r), 
Hence we can take in Lemma 1 S(j, j) = xh(Gj), u = r - 2 and 
K = sr(q - r), and we get 
a-l R 
zl 2 (r - 2 + xh(GJ) 3 (4 - l)(r - 2)” - is”@ - W2 r(q - r). (5) 
Suppose that, contrary to our assertion, Equation (2) has the trivial 
solution only. Let 1 < t G s. Let iI ,..., it be different elements of the set 
u,..., s}. Because the equation 
& + **- + g<, = 0, gik E G, 






z. 2i (r - 2 + xdGN = q@ - l)“- (6) 
On the other hand, the left side of (6) is, by (5), 
3 2”(r - 1)” + (q - I)(r - 2)” - $s”(r - 2)s--2 r(q - r). 
Combining this with (6), we get 
q > 2” + (1 - -&)” (q - 1 - s;F--2;i ). 
Since r 2 3, 
Furthermore, 
r(q - r> - 
4(r - 2)2 < 
xc? 1) 
2(r - 1) ’ 
( 1-L)” r-l >I---&. 
(7) 
(8) 
In addition, it is rather easy to see, by (6) and (3) that s < r - 1. Con- 
sequently, by (7), (3), (9, and O), 
q > wq - 1) r _ 1 + q - 1 - (3s2 &2!(;)- 1) > q, 
which is an impossibility. Thus Lemma 2 has been proved. 
4. Let k = kgf, where (k, , p) = 1. Define 
if p = 2, 
otherwise. 
Let s,(k) denote the smallest integer s such that whenever a, **a a, f 0 
(mod p), the congruence 
a,~,” + ..a + u,x,~ = 0 (modp”) (10) 
has a solution with at least one xi prime top. Then (see, e.g., [5, p. 1001 or 
r4, P. 183IJ 
F*(k) < 1 + k maxis, - l}, 
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where the maximum is taken over all primes p. Hence for the proof of 
assertion (1) it suffices to prove the following 
LEMMA 3. For each E > 0, there exists a kg(e) such that 
s,(k) < (1 + c) log k/log 2 
for all odd k > kg(E) and for all primes p. 
Proof. Consider the congruence (10). Suppose that k is odd and 
al *se a, + 0 (modp). The proof of case p = 2 is trivial (since k is odd, 
w  = 2). Hence we may suppose that p is odd. Denote 6 = (k, r&pm)). Let 
r be the cardinality of the set 
Gi = {0} u { y : 1 < y < p’“, y = ajxjk(mod p”) for some xi prime to p>, 
for some j. Then [5, p. 1 l] 
Because q(p”) is even, y~(p~)/S >, 2 and hence r 3 3. Thus we may use 
Lemma 2 with q = pw and we find that congruence (10) has a solution 
with at least one xi prime to p, if 
2”-3 >, s2k. 
This clearly implies Lemma 3. 
5. Chowla and Shimura proved in [2] that there is an infinity of 
odd k such that 
T*(k) > 1 + k[log(2k + l)/log 21. 
Norton [5] conjectured that 
r*(k) < 1 + k[log(2k + l)/log 21 
for all odd k. The method used in this paper does not seem to be applicable 
to a proof of that conjecture. 
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